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1. What is E@uarian{ ‘F?Eologz.?

'Epn[ogirnl Spaces X, Y
Grovp G acting on X, Y

S C#Pa : X — X homesmophism
q)l - t'dEn'H'!’?
P = Py° P

Notation: 4#&(;;; = 9:X

Does there exist a cont.
‘Fx—'-*Y that s G*Eiu_'l\fﬂrinr‘l't,?

Fl9x) = 9 f) V9e G ¥xeX



Exam?le: Borsuk-Ulam Theorem

Cont. ‘F: gd—-'HRd .
3 x st. fx) = F%

Ejuriva riant Version

G:'Z::{rr-li X:gd Y:Sd-‘

G- equivariant = Antipodal
¥x fx)= -fx)

$ cont. G-equivariant
fisdo gt



~ Equiv. Version =3 “Borsuk-Ulam

d d-
Assume cont, ant‘.‘podnl 'F:S — 54!

Then 'F: sd-—-‘l le i Conrit. | ﬂ"fl}"ﬂdnl
and nowhere 0. Vx fx)z -£6x)

B’u{' then ﬁ X st ‘Fﬁr)=":(1x)

—Borsuk-Ulam = = Equiv. Verr:'ur}_

Assume cont. 'F=S_d—’ R st, Wx fx) ¢4 £(-x)
Then let 9(x) = fx) - f-x)
9 5 tont., antipodal ¢ nowhere O.

let hox) = 9%
9)|)

h:$4- G cont., antipodal




E Changi’na oFara‘en'tn‘\‘.‘:'ans
Pla nés

= Dir'as of oriented planes
-7

e 8
Vector of rne:;is:es (M5, .- ,mg'al')ﬁ R
To show F:X->R® hits 0,
Show non-existence of F: X = S?



EXamPle: Eq_uiparfiﬂon in [Rg

(FYao - Pobkin- Edelsbran nErJ
Any measurable set ia R

Can be split into § equal

Sets b.f 3 planes.

_Ejui variant Version

G =2,x2,%2Z,
X=62x¢%xS?
=

.ﬁ cont. G"QQHW F:x=Y



Why the Eq.u_i\mrfanf Versions 7

More 9enern! results!

{Da!’d] x,'f simplicial complexes
Grqup action 15 free on X,Y

X s K-Connected gx=¥ = 9=|
and dfm{"f} < k :

=> A G-equiv F: XY

[ Fadell- Husseiar ]
[Sarkacia) Index Theory measures
1

"G-Cumplex-:-l;?“ of X, VY




Caveats

- 907 of Geometric applications
Seem fo use FBorsuk-Ulam

+ General results May not resolve
the question,

OPEﬂf Can any measurable set
in R* be Eqm'pnr{i{-‘ﬁned it 16
by 4 hyperplanes?

=) X=(s* y=5"
3 G—-Et[uiv 'FEX'-'Y ?




2. Survey of ATMCG
o !

* Data Structures using E{uipurﬂ-ﬁnns

fWF[I'ard B2]
Half - space {#ul'ﬁl'ﬂj Qtler?:
Heow many P{T in h T

AR [

QO (3"9") = O (")

h

CSEEZ"2) Ham Sandwich
/

Thinn



Egquipartitions themse lves

d ; k
(ql?j?) v (9,52 v {5\,“4)\#’
(4,1,4) 7

(Schalmen9?]  Cobweb




More Equipartitions

[Bespamyatnikh et <l 96
Fnl'.n{q'-"ﬂ -]

Red- Blue
Equitable factition

[_Eifn'ﬂ*f -Motoudek 99)

EcluiFnrHﬁnn!
btf K- Fans




Halviag H?fErf!an es

[vretica ~i-'ﬂ-‘je'-fi'f:‘]
. # difft ways to
o divide n ptr ia R
inte Equu.l' halves

is O(ﬂd - ;i)‘

INeak £-Nets

Hn-f convex set
fun‘hﬁm‘nj E&n ph oF X
Cohtaing a F'l' of W

[Alen et -1]

\ d+i - §,
A W of rite G(('E) &)
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Linear Rga ression

e Pepenclent o
" Respense n

i
X
IﬁdEFEﬂdint B
"'Et‘pl'lﬂlt#ﬂ,”




LS

LSE

Lm3

Least Squares  Z (y:i-§°
(east Sum of Errors Z ly: =%}

Least Median of Squares  med §(y;~§,)" §
[Rousseeuw B4]




Deepest Line Regression
- AfFine Invariant, Non-metric, No counter-

Reg. Deptin as a Checker
-“Breakdown foint” of a regression [ine

Min # of pts

in a double Nﬁdjl
bounded by re,,
line & vert. (ine

intuitive behavior




Eggre_ssian De{m’ch g

[Rousseeus -Hubert 98]

Min ## of pts crossed
i a rotation 1o vertical




_(_:F, Data 9&;?'{:5\ [‘?‘uhe?ﬁ;nﬁhct,]

Min # pts in any  half-Space

(Rade] 3 F‘f.‘ of deta thF':h [I?_I:]
“Center point ”




Cat line  bisects  left '-E%‘L and rt‘g“'_ =
Tfmu|hnEuul[l.,|.. (“Hﬂ.ﬂ sandwich cut irJ

e .

 —




Cat line é;;‘ﬁ_}ﬁé{’/}

Fﬁ-r any set of !o'{'r 17 FEIJ g a (ine
of regression deptia I-_t‘i-'l [Rousseuw - Hubert)

r*-'b

/3 || n'@ ' Ve




_[ﬁg_hgr Dimensions

- T Dep.

Vertieal =
{0 3-aXi§

y In I:EE‘O

ﬂ!,_ dEP"H“- = win 2 gts
crossed im a rotation
4o vertical




Regression Depth Results

[E':JL:TIEHH*HHHI‘{ 95‘] F;'Ir N Fﬁ fl'"I_ Ier

fﬁmEﬂTn—E'Efflﬂh."]},?'}E] 3 AR LE..
[Mitern98) e PR G

If-hr'i:”l treveld of al. 99 B
{L““ﬁ”'“ﬂ*ﬁm}r!r un) Fﬂf‘l’ ﬂ,l‘ﬂﬂls $or d=2
o fl“l hg n.j.

(§-Eppstein 00]  (GGeneranl’an of mg.ultpfh p
(miremoo] o Fitting a k-flat b pts in R

L W
Pepkh (d-k)( ki) +:‘(




Multivariate REE ressien

More Hian one dEp’f variable .

Least squares =
Pe | and 2 Iﬂrlmﬁ{?




Double WE:{-gt Definition

T
P —— Pﬂfﬂl'lﬂl 1o Fqnq‘ 7.

Line L :

[
[

7
A }"'_.-'
!

Y
Min # pts in a double wedge it

One  bounding hypirfhﬂe Contains | £
other o ‘I s vertical
(I o all dep. axes).



Why ¢

Cl'“ﬁriﬁna Distance
between flats F and G wrt points X

(Feima) ~ Min # pts oF X in dowble wedge
W. one bwndury cnn‘tﬂiﬂ?ﬂj F, and
other “ L G,

(DUQD Min # hanErpfu.nES of D(X)
crossed by a line segment Connecting

D(F) and D(G).



Unificetion

K

0 Data Dep{h Crumna dist, of pt p
from “hyperplane ot oo

Multivariate
0< k <d-1 Rﬂg Depthh  Crossing dist. of

k-flet F from (d-k-1)-Flat
at Vertical co

Line contained in all y2-parallel planes

Hyperplane
k=d-| R'Erj Defrth Cf'ﬂriffng dist. of
; hyperplane H From

z\ point at vertical o,
Pt tortained ¢n all E'fﬂrn“&{ Ffﬂﬂtj



Proof that Deep k-flats Exist

Non transversal Cell'a of Sets
Cannct all be (ut blf 4a h-ﬁtf‘FhﬂE

[fm'“ 1o Hfun-Kﬂlni] 3 CH et -Fur- any N F'l'! if erkJ

3 nentransversal cwlln of k+1 subsets, each
with 2 ﬂ/‘{h Fl'l's.

[Zivaljevic-Vireéica, "(enter Transversal —ﬂ'lﬂ'lj
Given k+|Edp{' sets in .'RdJ each w. € m pts
F k-flat F st any half-space containg F
contains 2 [:]_ﬁ_'“] pts of each set.

k=g (enter foint k=d-1 Ham Jandwich




PI“‘:::-D'FP, Cont,

I Find sets TR TR | give a

nentransversal cell'n when prjected onto
span of indep. axers,

2, Vse centec Transverral Thm
to find F through 5,,..,5,,.

Vert. Gndry of double

wedge mi:?;-es some S;, ¥_

In this S;, double wedge ©
= half-space through F /




i

Catline Generalizes

s

i ,l"n; 1-"' 5 : J‘f;

T

i 9
Center Transversal Thm [ gb.-,m;:ii- r:irtir'n-j

(an cut k41 sets in RY w. a k-flat F st

any hnI-F-SFu:E Gontaing F  has s‘-*&:';-'- of each
fed,

k=1 d=3 = Line of depth r;‘1
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Mizera's Improvement

[Mrzerao8] For n pts n gen’l posa in fﬁd
P 9 P
3 k-flat of depth ;—%}-—.—\
pP= fd-k]f!cu) +

k-ftlaks = P¢s in P-du‘m"l space 9
- Pts = Fens R:0—R

Residual s

qde;'TQ—?EF

JD‘::F:IE-; 5 .l,:;;: ;i'”'?m‘iﬁi{':}}ﬂ?

(

Now use Borsuk-Ulam !
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Fut ure

I. Bounds on Ck

2. "Tverberg version” of req. depth

n Pb‘ in I'E"l4l 3 #ﬁcrpl:iﬂ! H with
rengere depth 1o each of ETT dis). Subsets.

ECNR D Equipartition
4, Genera| Equipar+n Results

rrlliﬁﬁl'l & - ' i CG
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Top. Jophisdication



