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General goals and questions:

1. How hard are the problems of 3-dimensional
topology?

eg Classifying knots and 3-manifolds.
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b. Can the technology of 3-dimensional topology
say something about the relationships betweern
various complexity classes?

(as with Jaco-Shalen-Johannson decompusition
for finitely generated groups).

¢. The comiplexity of numerous problems has
been analyzed. Do the techniques developed in
stadying complexity have something to say
about 3-dimensional topology and geometry?

Yes.




Some Other Questions: Find a pre«e dure
+o determine

When are two manifolds the same?

(homeomorphic) %

O

Wilie A are 0
Can we recognize (closed) manifolds?

Dimension 1 & 2: Easy.
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Dimension 3: Special cases can be done.

3-sphere, Haken, Lens spaces, ...
( Rubmsten “Thompton, Hoken, Rulissben )

Dimensions > 3 : Many interesting problems

are undecidable.

-

Classifying 4-manifolds, Novikov, Bewe, Havko

Recognizing S2s:--
Nab utod skT
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Dimension 3 seems the most interesting.

Problems are just barely solvable.

Complexity seems to be on the edge between
polynomial and exponential.

$C0mputer programs (eg SNAPPEA by Jeff

Weeks and collaborators) are already a major-
tool for-3-manifold research. (Mﬂ P TaTEEN
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Analyzing complexity leads to insights into
what to do, and how to do it better.

Can the tools of 3-manifold theory shed new

light on the relation between complexity
classes?




Some Key 3-dimensional Problems:

1. UNKNOTTING PROBLEM
Instance: A link diagram D .

Question: Is D a knot diagram that
represents the trivial knot?

This is a special case of

2. KNOT EQUIVALENCE PROBLEM:
Instance: Two link diagrams D1 and Dy

Question: Are Dq and Dy diagrams of
equivalent knots?
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Reidemeister moves suffice to move
between any two diagrams of a knot

XX

BuT How MANY ARE nEEDED?
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A Key Tool for algorithms in 3-manifolds:

Normal Surfaces
A (Kneser 1929, Haken 1961)
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Normal surfaces give an efficient way to

understand surfaces in a triangulated three

dimensional. They have several important
properties:

a. Locally controlled. They intersect each
tam and quadrilaterals only.

=

NOT in tubes or other complicated structures.




NORMALIZING

Surfaces can be pushed around in a 3-
dimensional manifold until abnormal behavior
1s eliminated.

The resulting surface is normal.
(May be empty)



There are four kinds of triangle and three kinds
of quadrilateral in each tetrahedron. A normal
surface is determined by counting how many of
each type there are in each tetrahedron.
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A normal surface is determimned by a vector of
7t non-negative integers

(Vl,Vz,V3, o0 V'?t)

Of the seven types of triangle and quadrilateral
in this tetrahedron, three appear. The vector
corresponding to this normal surface looks like

s o o) (o O 2L DD )



2, They match up along the common faces of
pairs of tetrahedra in M.




Not all vectors give nommal surfaces. The
pieces must match up across tetrahedra with
common faces.

This leads to linear equations for the
coordinates of the vector (v,v,,V3, ... V7, of
the form

Vi+Vj = VitV

v; here counts the number of one type triangle
in a tetrahedron, while v; counts one type of

quadrilateral.

Also have : v; =0 (Vr\/ﬁ :0)

J
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Finding normal surfaces can now be formulated
A problem inﬁinteger linear programming.

Normal surfaces -- integer vectors
(Vl,Vz,'ﬂf3,.... V?t)
satisfying linear eqns

sum of surfaces -- sum of vectors

Exploiting this gives:
Any normal surface can be written as a sum of a
finite collection of

A surface C is fundamental if it cannot be
written as as non-trivial sum.

CzxA+B



Fundamental surfaces have bounded size,
which can be computed.

In many cases one can show that interesting
classes of surfaces have representatives among
the finite collection of fundamental surfaces.

cg
Unknotting disks

Separating 2-spheres

“Almost-normal” 2-81}11&1‘&5 - S O




K is unknotted <=> K 1s the boundary of an
embedded disk

Triangulate and normalize:

<=> Kis the boundary of a
normal disk
Analyze how surfaces sum:

<=>  Kisthe boundaryofa = .
fundamental normal disk

;M &ﬂ-mﬂ.n""q\

There are finitely many,normal surfaces, and

they can be checked one by one to see if any is
a disk with boundary K.
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A RECenT  RESWT

Problem: 3-MANIFOLD KNOT GENUS _

INSTANCE: A 3-dimensional simplical complex R, a 1-
dimensional subcomplex K, and a natural number g.
QUESTION: Does the 1-complex represent a knot K with
genus(K) < g7

0 @ hw

K 9=0 35 =2 952
(K)=2 " g
. j j{_K_L" CJLlk=a)

32&45([(‘): Ni""‘(ﬂenux (5\ v K= ?Q)

It was previously known that 3-MANIFOLD KNOT GENUS 1s
in PSPACE. (H-Lagarias-Pippenger, 1997)

Theorem (Agol-H-Thurston)
3-MANIFOLD KNOT GENUS is NP-complete.
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Q: How FANY ComrorepTs’
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